We have developed a fundamental understanding of nanoscale fluid dynamics for fluidbased technologies with unprecedented capabilities. Using analytics and numerics we have investigated the Brownian driven, and externally driven, dynamics of micro and nanoscale elastic objects (such as cantilevers and beams) in a viscous fluid over a wide range of system parameters and for a number of experimentally important configurations.
Computing the Stochastic and Driven Dynamics of Elastic Objects in Fluid
The stochastic dynamics of micron and nanoscale cantilevers driven by thermal or Brownian motion can be quantified using strictly deterministic calculations. This is accomplished We have developed a fundamental understanding of nanoscale fluid dynamics for fluid-based technologies with unprecedented capabilities. Using analytics and numerics we have investigated the Brownian driven, and externally driven, dynamics of micro and nanoscale elastic objects (such as cantilevers and beams) in a viscous fluid over a wide range of system parameters and for a number of experimentally important configurations. We developed an approach to compute the Brownian or externally driven dynamics using a single deterministic computation that can be performed on a personal workstation. Thermal motion is computed using the fluctuation-dissipation theorem and externally driven dynamics using transfer function theory. We quantify the effects of the cantilever and beam geometry upon their dynamics, the role of nearby bounding surfaces, the increased frequency and quality factors when using the higher flexural modes, and build a physical understanding of the fluid correlated motion of an array of elastic objects.
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Mark Paul 540-231-4758 Reset using the fluctuation-dissipation theorem since the cantilever remains near thermodynamic equilibrium [1, 2] . As part of this research project we have extended this approach to the experimentally important case of determining the stochastic dynamics of the angle of the cantilever tip. The following discussion has been reported in Refs. [3, 4] .
The autocorrelation of equilibrium fluctuations in cantilever displacement can be determined from the deterministic response of the cantilever to the removal of a step force from the tip of the cantilever (i.e. a transverse point force removed from the distal end of the cantilever). If this force f (t) is given by f (t) = F 0 for t < 0 0 for t ≥ 0,
where t is time and F 0 is the magnitude of the force, then the autocorrelation of the equilibrium fluctuations in the displacement of the cantilever tip is given directly by
where k B is Boltzmann's constant, T is the temperature, and is an equilibrium ensemble average. In our notation lower case letters represent stochastic variables (u 1 (t) is the stochastic displacement of the cantilever tip) and upper case letters represent deterministic variables (U 1 (t) represents the deterministic ring down of the cantilever tip due to the step force removal). The spectral properties of the stochastic dynamics are given by the Fourier transform of the autocorrelation.
The thermodynamic approach is valid for any conjugate pair of variables [5] . For example, it is common in experiment to use optical techniques to measure the angle of the cantilever tip as a function of time [6] . It has also been proposed to use piezoresistive techniques to measure voltage as a function of time [7] . The thermodynamic approach remains valid for these situations by choosing the correct conjugate pair of variables.
We have also explored the stochastic dynamics of the angle of the cantilever tip. In this case, the angle of the cantilever tip is conjugate to a step point-torque applied to the cantilever tip. If this torque is given by τ (t) = τ 0 for t < 0 0 for t ≥ 0,
where τ 0 is the magnitude of the step torque, then the autocorrelation of equilibrium fluctuations in cantilever tip-angle θ(t) is given by
L(µm) w(µm) h(µm) k (N/m) k t (N-m/rad) f 0 (kHz) MLCT Type E microlever that is used in AFM [8] . The geometry is given by the cantilever length L, width w, and height h. For the V-shaped cantilever the total length between the two arms at the base is b = 161.64µm. The cantilever spring constant k, torsional spring constant k t , and resonant frequency in vacuum f 0 are determined using finite element numerical simulations. The cantilevers are immersed in water with density ρ l = 997 kg/m 3 and dynamic viscosity η = 8.59 × 10 −4 kg/m-s.
Here Θ 1 (t) represents the deterministic ring down, as measured by the tip-angle, resulting from the removal of a step point-torque. Again, the Fourier transform of the autocorrelation yields the noise spectrum.
A powerful aspect of this approach is that it is possible to use deterministic numerical simulations to determine U 1 (t) and Θ 1 (t) for the precise cantilever geometries and conditions of experiment. This includes the full three-dimensionality of the dynamics which are not accounted for in available theoretical descriptions. The numerical results can be used to guide the development of more accurate theoretical models.
The stochastic dynamics of cantilever tip-deflection and tip-angle
The stochastic dynamics of the cantilever tip-displacement u 1 (t) and that of the tip-angle θ 1 (t) yield interesting differences. Using the thermodynamic approach, insight into these differences can be gained by performing a mode expansion of the cantilever using the initial deflection required by the deterministic calculation. The two cases of a tip-force and a tip-torque result in a significant difference in the mode expansion coefficients which can be directly related to the resulting stochastic dynamics.
For small deflections the dynamics of a cantilever with a non-varying cross section are given by the Euler-Bernoulli beam equation,
where U(x, t) is the transverse beam deflection, µ is the mass per unit length, E is Young's modulus, and I is the moment of inertia [9] . For the case of a cantilever where a step force has been applied to the tip at some time in the distant past the steady deflection of the cantilever at t = 0 is given by
where L is the length of the cantilever and the appropriate boundary conditions are
The prime denotes differentiation with respect to x.
Similarly, the deflection of the same cantilever beam due to the application of a pointtorque at the cantilever-tip is quadratic in axial distance and is given by
where the appropriate boundary conditions are
The angle of the cantilever measured relative to the horizontal or undisplaced cantilever is then given by tan Θ = U ′ (x).
The mode shapes for a cantilevered beam are given by Φ n (x) = − (cos κL + cosh κx) (cos κL − cosh κx)
where n is the mode number, and the characteristic frequencies are given by κ 4 = ω 2 µ/EI.
The mode numbers κ are solutions to 1 + cos κL cosh κL = 0 [9] . The initial cantilever displacement given by Eqs. (6) and (7) can be expanded into the beam modes
with mode coefficients a n . The total energy E b of the deflected beam is given by
which is entirely composed of bending energy. The fraction of the total bending energy contained in an individual mode is given by
The coefficients b n for the rectangular cantilever of Table 7 are shown in Table 2 . For the case of a force applied to the cantilever tip, 97% of the total bending energy is contained in the fundamental mode and the energy contained in the higher modes decays rapidly with less than 1% of the energy contained in mode three. When a point-torque is applied to the same beam it is clear that a significant portion of the bending energy is spread over the higher modes. Only 61% of the energy is contained in the fundamental mode and the decay in energy with mode number is more gradual. The fifth mode for the tip-torque case contains more energy than the second mode for the tip-force case. Although we have only discussed a mode expansion for the rectangular cantilever, the V-shaped cantilever will exhibit similar trends since the transverse mode shapes are similar to that of a rectangular beam [10] .
The variation in the energy distribution among the modes required to describe the initial deflection of the cantilever can be immediately connected to the resulting stochastic dynamics. For the deterministic calculations the initial displacement can be arbitrarily set to a small value. In this limit the modes of the cantilever beam are not coupled through the fluid dynamics. As a result, the stochastic dynamics of each mode can be treated as the ring down of that mode from the initial deflection. This indicates that the more energy that is distributed amongst the higher modes initially the more significant the ring down and, using the fluctuation-dissipation theorem, the more significant the stochastic dynamics.
The mode expansion clearly shows that the tip-torque case has more energy in the higher modes. This suggests that stochastic measurements of the cantilever tip-angle will have a stronger signature from the higher modes than measurements of cantilever tip-displacements.
Using finite element simulations for the precise geometries of interest we quantitatively explore these predictions.
Computing the Driven Dynamics
In order to calculate the cantilever dynamics due to an external driving force we compute the cantilever's response to an appropriately chosen impulse in force. This has been done using an impulse in velocity to explore the driven dynamics of cantilevers beams of n b n (tip-force) b n (tip-torque) Table 2 : The fraction of the total energy E b contained in the first five beam modes given by the coefficients b n . The tip-force results are for a rectangular beam that has been deflected by the application of a point force to the cantilever tip. The tip-torque results are for a rectangular beam that has been deflected by the application of a point torque to the cantilever tip. The coefficients clearly show that the tip-torque case has significantly more energy contained in the higher modes. varying geometry, near a solid wall, and including the effects of higher modes of oscillation [11] . In what follows we focus upon the dynamics of the fundamental flexural mode and allow the driving force to vary spatially given by,
where x * = (L, b/2, h/2) indicates the tip coordinates where the force is applied where F 0 is a constant force. The time dependent displacement of the cantilever W (x, t) due to the application of the drive force is computed numerically. The power spectrum in terms of cantilever displacement is then given by
The power spectrum in terms of cantilever angle is found by computing the slope of W (x, t) at the region of interest to yield Θ(x, t) and
An advantage of this approach is that the complete spectral response over all frequency, and for all modes, is determined from a single numerical simulation. The alternative of performing many simulations at different frequencies is computationally prohibitive for these systems.
The role of cantilever geometry
In this section we report on our progress in quantifying the stochastic dynamics of a cantilever in fluid as a function of the cantilever geometry. The resulting fluid-solid interaction problem is quite complex and geometric effects can have a significant impact upon device performance. We have explored two important geometries that are commonly used: a cantilever with a rectangular cross-sectional area, and a cantilever with a V-shaped planform as shown in Fig. 1 . The results of our study have been reported in detail in Refs. [3, 4] .
Rectangular Cantilever
We have performed deterministic numerical simulations of the three-dimensional, time dependent, fluid-solid interaction problem to quantify the stochastic dynamics of a rectangular cantilever immersed in water using the thermodynamic approach previously discussed. The deterministic numerical simulations are done using a finite element approach that is described elsewhere [12, 13] .
The stochastic fluctuations in cantilever tip-displacement for a rectangular cantilever in water have been described elsewhere [2, 5, 14, 15] . In the following we compare these results with the stochastic dynamics as determined by the fluctuations of the cantilever tip-angle. The geometry of the the specific micron scale cantilever we explore is given in Table 7 .
The autocorrelations in equilibrium fluctuations follow immediately from the ring down of the cantilever due to the removal of a step force (to yield u 1 (0)u 1 (t) ) or step pointtorque (to yield θ 1 (0)θ 1 (t) ). The autocorrelations of the rectangular cantilever are shown and E = 172GPa. The specific dimensions for the rectangular and V-shaped cantilever are given in Table 7 .
in Fig. 2 . The magnitude of the noise is quantified by the root mean squared tip-angle and deflection which is listed in Table 3 .
A comparison of the autocorrelations yields some interesting features. At short times θ 1 (0)θ 1 (t) shows the presence of higher harmonic contributions. This is shown more clearly in the inset of Fig. 2 . This further suggests that the angle autocorrelations are more sensitive to higher mode dynamics.
The Fourier transform of the autocorrelations yield the noise spectra shown in Fig. 3 . In our notation the subscript of G indicates the variable over which the noise spectrum is measured: G θ is the noise spectrum for tip-angle and G u is the noise spectrum for tipdisplacement. The equipartition theorem of energy yields,
where k and k t are the transverse and torsional spring constants, respectively. The curves in Fig. 3 are normalized using the equipartition result to have a total area of unity. Using this normalization the area under a peak is an indication of the amount of energy contained Using a simple harmonic oscillator approximation it is straight forward to compute the peak frequency ω f and quality Q for the cantilever in fluid. Using a single mode approximation yields the values shown in Table 4 . As expected there is a significant reduction in the cantilever frequency when compared with the resonant frequency in vacuum ω 0 and the quality factor is quite low because of the strong fluid dissipation. The values of ω f and Q for tip-angle and tip-dispacement are nearly equal. This is expected since the displacements and angles are very small, resulting in negligible coupling between the modes. Any differences in ω f and Q can be attributed to using a single mode approximation.
It is useful to compare these results with the commonly used approximation of an oscillating, infinitely long cylinder with radius w/2 [2, 16, 17] . The cantilever used here has an aspect ratio of L/w ≈ 7 and the infinite cylinder theory is quite good at predicting of ω f and Q. 
The stochastic dynamics of a V-shaped cantilever
We have also explored the stochastic dynamics of a V-shaped cantilever in fluid. An integral component of any theoretical model is an analytical description of the resulting fluid flow field caused by the oscillating cantilever. The deterministic finite element simulations that we performed yield a quantitative picture of the resulting fluid dynamics. Exploring the flow fields further yields insight into the dominant features that contribute to the cantilever dynamics.
As discussed earlier, for long and slender rectangular cantilevers the flow field is often approximated by that of a cylinder of diameter w undergoing transverse oscillations. This approach assumes that the fluid flow is essentially two-dimensional in the y − z plane and neglects any flow over the tip of the cantilever. Table 4 : The peak frequency and quality factor of the fundamental mode of the rectangular cantilever determined by finite element simulations using the thermodynamic approach.
(1) is computed using the cantilever tip-displacement due to the removal of a step force.
(2) is computed using the cantilever tip-angle due to the removal of a point-torque. The frequency result is normalized by the resonant frequency in vacuum ω 0 . Using the infinite cylinder approximation with a radius of w/2 the analytical predictions are Q = 3.24 and
that this tip-flow is negligible based upon the accuracy of the analytical predictions using the two-dimensional model. Overall, it is clear that the fluid flow field is more complex for the V-shaped cantilever at the tip.
Despite the complicated interactions of the three-dimensional flow caused by the cantilever tip and the axial merging of the two Stokes layers, the V-shaped cantilever behaves as a damped simple harmonic oscillator. The autocorrelations in tip-angle and tipdisplacement that are found using full finite element numerical simulations are shown in Using a simple harmonic oscillator analogy a peak frequency and a quality factor can be determined from the first mode in the noise spectra of Fig. 7 . These values are given in the first two rows of Table 6 . The quality of the cantilever is Q ≈ 2 and the peak frequency is reduced significantly, ω f /ω 0 ≈ 0.2. compared to the resonant frequency in the absence of a surrounding viscous fluid.
It is insightful and of practical use to determine the geometry of the equivalent rectangular beam that would yield the precise values of k, ω f , and Q calculated for the V-shaped 
where the peak frequency is determined from the maximum of the noise spectrum,
In the above equationsω = ω/ω 0 is the normalized frequency, α = 0.234 is a constant factor to determine an equivalent lumped mass for a rectangular beam, m f is the equivalent mass of the cantilever plus the added fluid mass, γ f is the fluid damping, Γ is the hydrodynamic function for an infinite cylinder, Γ ′ is the real part of Γ, and Γ ′′ is the imaginary part of Γ. Equations (28)- (18) can be solved to yield values for the unknown geometry of the equivalent rectangular beam L ′ , w ′ , and h ′ which are given in Table 5 . The equivalent beam is shorter, thinner, and wider than the V-shaped cantilever. Importantly, the width of the equivalent beam is nearly twice that of a single arm of the V-shaped cantilever. Table 5 : The geometry of the equivalent rectangular beam that yields the exact values of k, ω f , and Q for the V-shaped cantilever that have been determined from full finite-element numerical simulations. The length, width, and height of the equivalent beam
are calculated using Eqs. (28)- (18) and are normalized by the values of (L, w, h) for the V-shaped cantilever given in Table 7 .
These results suggest that the parallel beam approximation (PBA) [19] [20] [21] [22] commonly used to determine the spring constant for a V-shaped cantilever may also provide a useful geometry for determining the dynamics of V-shaped cantilevers in fluid. In this approximation the V-shaped cantilever is replaced by an equivalent rectangular beam of length L, width 2w, and height h to yield a simple analytical expression for the spring constant. This has been shown to be quite successful for V-shaped cantilevers that have arms that are not significantly skewed. The results of using the geometry of this approximation to determine ω f and Q from the two-dimensional cylinder approximation are shown on the third row of Table 6 . It is clear that this is quite accurate. It is expected that these results will remain useful for cantilever geometries that do not deviate significantly from that of an equilateral triangle as studied here. An exploration of the breakdown of this approximation is possible using the methods described but is beyond the scope of the current efforts.
(L, 2w, h) 0.19 1.98 Table 6 : The peak frequency and quality factor of the fundamental mode of the V-shaped cantilever determined by finite element simulations using the thermodynamic approach.
(1) is computed using the cantilever tip-displacement due to the removal of a step force. (2) is computed using the cantilever tip-angle due to the removal of a point-torque. The third line represents theoretical predictions using the geometry of an equivalent rectangular beam given by (L, 2w, h). The frequency result is normalized by the resonant frequency in vacuum ω 0 .
The importance of nearby bounding surfaces
In practice, the cantilever is never placed in an unbounded fluid and the influence of nearby boundaries must be accounted for to provide a complete description of the dynamics.
In many cases the cantilever is purposefully brought near a surface out of experimental interest in order to probe some interaction with the cantilever or to probe the surface itself.
This can have a significant impact upon the performance of a device. Overall, the presence of a boundary tends to increase the viscous dissipation acting upon a cantilever causing the quality factor of the oscillations to decrease. In our research we have quantified this precisely over a wide range of experimentally relevant conditions. This work has been published in Refs. [3, 4] .
To specify our discussion we will consider the situation depicted in Fig. 8 showing a cantilever a distance s from a planar boundary. In the following we study the case where the cantilever exhibits flexural oscillations in the direction perpendicular to the boundary.
However, we would like to emphasize that our approach is general and can be used to explore arbitrary cantilever orientations and oscillation directions if desired. The fluid is assumed to be unbounded in all other directions. It is well known that the presence of the boundary will influence the dynamics of the cantilever [23] [24] [25] . The result is a reduction in the resonant frequency and quality factor. This has been described theoretically for the case of a long and thin cantilever of simple geometry where the fluid dynamics have been assumed two-dimensional [26] [27] [28] [29] . In the following we use the thermodynamic approach with finite element numerical simulations to quantify the dynamics of the V-shaped cantilever as a function of its separation from a boundary. We have performed 8 simulations over a range of separations from 10 to 60µm using both the tip-deflection and tip-angle formulations. The noise spectra for these simulations are shown in Fig. 9 . Using the insights from our simulations of the V-shaped cantilever in an unbounded fluid we expect the relevant length scale for the fluid dynamics to be twice the width of a single arm, 2w. Using the peak frequency of the V-shaped cantilever in unbounded fluid yields a Stokes length δ s = 4.14µm. Scaling the separation by the Stokes length yields. 2.5 s/δ s 15 which covers the range from what is expected to be a strong influence of the wall to a negligible influence. Figure 9 clearly shows a reduction in the peak frequency and a broadening of the peak as the cantilever is brought closer to the boundary. In fact, for the smaller separations the peak is quite broad and the trend suggests that eventually the peak will become annihilated as the cantilever is brought closer to the boundary.
Using the noise spectra we compute a peak frequency and a quality factor for the funda- mental mode as a function of separation from the boundary, which are plotted in Fig. 10 .
The horizontal dashed line represents the value of the peak frequency and quality factor in the absence of bounding surfaces using the two-dimensional infinite cylinder approximation [2] where the cylinder width has been chosen to be 2w. It is clear from the results that for separations greater than s/δ s 7 the V-shaped cantilever is not significantly affected by the presence of the boundary. However, as the separation decreases below this value the peak frequency and quality factor decrease rapidly.
The triangles in Fig. 10 represent the theoretical predictions of Green and Sader [28, 29] using a two-dimensional approximation for a beam of uniform cross-section that accounts for the presence of the boundary. We have used a width of 2w in computing these theoretical predictions for comparison with our numerical results. Despite the complex and three-dimensional nature of the flow field the theory is able to accurately predict the quality factor over the range of separations explored. The frequency of the peak for the V-shaped cantilever shows some deviation from these predictions.
In general, an increase in the period of oscillation for a submerged object can be attributed to the mass of fluid entrained by the object [30] . The lower peak frequency calculated for the V-shaped cantilever using a two-dimensional solution indicates an over-prediction of the mass loading. This can be attributed to the three-dimensional flow around the tip being neglected for this approach. It is reasonable to expect the cantilever tip to carry a smaller amount of fluid than a section of the beam body moving with the same velocity, see Fig. 4 .
The quality factor relates to the ratio of the mass loading and the viscous dissipation and is less sensitive to deviations incurred from the two-dimensional approximation. Despite neglecting three-dimensional flow around the cantilever tip, the two-dimensional model for the fluid flow around the V-shaped cantilever gives an accurate prediction of the peak frequency and quality factor. 
The dynamics of doubly-clamped beams in viscous fluid: tailoring the geometry to improve quality factors
There are numerous experimental advantages to using a doubly-clamped beam as opposed to a cantilever in fluid. Important advantages include technologies for on-chip sensing and actuation that do not require bulky or complex optics. It is also anticipated that the higher frequency of oscillation of a doubly-clamped beam, when compared to a cantilever of the same length and geometry, will lead to improved quality factors of the oscillations. In this research we have quantified this in detail for a large range of experimentally accessible parameters. Our results have been discussed in detail in Refs. [31, 32] .
Motivation for doubly-clamped beams
There is a growing need for fast and sensitive micron and nanoscale sensors and actuators that operate in viscous fluid environments. Many important technologies are based upon the dynamics of small elastic beams in fluid [6, [33] [34] [35] . If an elastic beam is uniformly reduced in size it will become both softer (the equivalent spring constant is reduced) and faster (the fundamental frequency of oscillation increases). This advantageous trend is often exploited [35] . However, in a fluid environment the relative magnitude of viscous forces to inertial forces becomes large resulting in a dramatic reduction in the quality factor and resonant frequency of the fundamental mode of oscillation. For example, the dynamics of a nanoscale cantilever in water can be overdamped [1] . Several approaches have been proposed to overcome this difficulty including the use of the higher order beam modes [10, 11, 33, [36] [37] [38] , nonlinear feedback control strategies for the external drive [39, 40] , by varying the cross-sectional geometry of long-thin cantilevers that are driven externally [11] , and by embedding the fluid inside the cantilever while it oscillates in vacuum [41] . However, these approaches can be difficult to implement in practice and often require sophisticated measurements and control electronics. In addition, for the strongly damped dynamics under consideration here the mode of actuation directly affects the resulting quality factor and resonant frequency (c.f. [2] ). In many applications a simpler tactic is desirable to overcome the strong viscous damping. In this paper we explore the variation in beam dynamics as a function of its geometry. In particular, we quantify the stochastic dynamics of doubly-clamped beams with rectangular cross-section for a wide range of sizes and geometries including short and wide beams that are not well described by available analytical theory. Using numerical simulations for the precise conditions of experiment we quantify the Brownian driven dynamics of micron scale beams in fluid and explore the physical origins of the fluid dissipation. These results determine the effectiveness of tailoring the beam geometry to overcome the strong viscous damping.
We calculate the stochastic dynamics of the doubly-clamped beams, see Fig. 11 , using the thermodynamic approach discussed in detail in Refs. [1, 2] . The approach requires only a single deterministic calculation of the fluid dissipation that is used to compute the stochastic beam displacement via the fluctuation-dissipation theorem. For a doublyclamped beam the deterministic calculation is the ring-down of the beam due to the removal of a step point-force applied to the center of the beam. We emphasize that the only assumptions in this result are that of classical dynamics and small deflections. Using three-dimensional, time dependent, finite element simulations for the precise geometries of interest the stochastic dynamics are computed. In particular, we calculate the autocorrelations and noise spectra of equilibrium fluctuations in the beam displacement.
The basic approach has been validated both against analytics and experimental measurement [1, 2, 26, 27, 42] and also used to study the fluid-coupled motion of two atomic force microscope cantilevers [43] and two nanoscale cantilevers [1, 2] . In many situations of This approach has been very successful in predicting the resulting beam dynamics in a viscous fluid [16] . Furthermore, it has been shown that replacing the rectangular beam cross-section with that of a cylinder of diameter equal to the width w yields small errors on the order of several percent [17] . The flow field generated by an oscillating cylinder is well known as well as the forces acting on the surface of the cylinder [30, 46] . These approximations have led to insightful analytical expressions describing the stochastic dynamics of beams in fluid [1, 16] . However, the validity and accuracy of these expressions remain unclear for the finite beam geometries often used in experiment.
In the limit of a long and thin beam, small displacements, and using the two-dimensional approximation of an oscillating cylinder for the fluid flow, the noise spectrum of equilibrium fluctuations in displacement of the beam measured at x = L/2 for the fundamental mode is given by [1] ,
where ω is the frequency of oscillation,ω = ω/ω 0 is the reduced frequency, ω 0 is the resonant frequency of the fundamental mode in vacuum, R 0 is the frequency parameter evaluated at ω 0 , Γ(ω) is the hydrodynamic function, T 0 is the mass loading parameter, k B is Boltzmann's constant, T is the temperature, and k is the spring constant for the fundamental mode. The frequency parameter is,
and is a frequency based Reynolds number representing the ratio of local inertia to viscous forces where ν is the kinematic viscosity of the fluid. In our notation, the frequency parameter R is evaluated at arbitrary frequency ω, and R f is evaluated at ω f . The mass loading parameter is
and represents the ratio of the mass of a cylinder of fluid with radius w/2 to the actual mass of the beam where ρ f is the density of the fluid, and ρ b is the density of the beam. The hydrodynamic function for an oscillating cylinder in a viscous fluid is given by [30, 46] ,
where K 1 and K 0 are Bessel functions, Γ r and Γ i are the real and imaginary parts of Γ, respectively and i = √ −1.
The dynamics of a beam in fluid are not precisely equivalent to that of a damped simple harmonic oscillator. For example, both the mass and damping are frequency dependent.
The mass of the entrained fluid plus the mass of the beam is
where m e = αm b is the equivalent mass of the beam such that the kinetic energy of this mass is equal to that of the fundamental mode and m b = ρ b Lwh is the mass of the beam.
For the fundamental flexural mode of a doubly-clamped beam α = 0.396. The viscous damping is
where m cyl,e = αm cyl is the equivalent mass of a cylinder of fluid with diameter equal to w. As the frequency of oscillation increases the magnitude of m f decreases and the magnitude of γ f increases.
The simple harmonic oscillator approximation is convenient to define commonly used diagnostics such as the quality factor Q and resonant frequency of the beam in fluid ω f . As a result of the frequency dependent mass and damping, the fundamental peak of the noise spectra is not well approximated as a Lorentzian for these strongly damped oscillators and care must be taken when determining Q and ω f . The resonant frequency in fluid ω f will be defined to be the frequency which maximizes the noise spectrum in Eq. (20) . The quality factor Q is then defined as the ratio of energy stored by the potential and kinetic energy of the beam and fluid to the energy dissipated by viscosity per oscillation when evaluated at ω f . This yields
Given values of the nondimensional parameters R 0 and T 0 , Eqs. (20) and (26) For applications that require a distinct peak to be measured this presents a significant challenge.
Using Euler-Bernoulli beam theory [9] for a doubly-clamped beam these expressions can be written as a function of geometry (L, w, h) which are often the experimentally relevant parameters rather than R 0 and T 0 . The relevant expressions are,
where E is the Youngs modulus. These expressions for T 0 and R 0 together with Fig. 12 suggest that Q and ω f increase by reducing the length, increasing the width, or increasing the height of the beam. However, the precise improvement is not clear since the available theoretical predictions are only for long and slender beams. In light of this we have performed full time-dependent and three-dimensional finite element numerical simulations [13] of a wide range of geometries to determine precisely the stochastic dynamics.
To compute the stochastic dynamics of the beams we use the approach discussed in
Refs. [1, 2] and provide only the essential details necessary for our discussion. The autocorrelation of equilibrium fluctuations in beam displacement are given by the deterministic ring-down of the beam to the removal of a point step force applied at x = L/2 given by
where t is time, and F 0 is the magnitude of the force. The value of F 0 is chosen for each simulation such that the beam deflections remain small and, in this case, the results are independent of its specific value. The autocorrelation of equilibrium fluctuations in beam displacement is then given by,
We use lower case z 1 to indicate stochastic displacement, and upper case Z 1 to indicate the deterministic ring-down measured at the center of the beam x = L/2. The noise spectrum of fluctuations in beam displacement is given by,
The noise spectrum is used to determine ω f and Q for the numerical results. The resonant frequency ω f is the frequency maximizing G(ω) and the quality is given by
The right hand side of Eq. (33) is found using m f (ω f ) = k/ω f and using the peak value of the noise spectrum G(ω f ) to determine the damping. The error in using the bulk mode spring constant, as opposed to the dynamic spring constant for the fundamental mode, is small and on the order of several percent.
In summary, the numerical procedure is the following: (i) Compute Z(t) from a deterministic simulation of the ring down of the beam due to the removal of a step force; (ii)
Compute the autocorrelation of equilibrium fluctuations in displacement using Eq. (31); (iii) Compute the noise spectrum using Eq. (32); (iv) Calculate diagnostics: ω f is the frequency that maximizes the noise spectrum, and Q is found from Eq. (33).
We have performed extensive numerical tests on doubly-clamped beams in vacuum and in fluid to ensure the accuracy of our calculations [31] . For each geometry explored we have conducted numerical simulations over a range of spatial and temporal discretizations to ensure the convergence of our reported values for the quality factor and resonant frequency of the fundamental mode in fluid. The required spatial resolution depended significantly upon the geometry explored with the short and wide beam geometries requiring higher spatial resolution. Typically, we found that a time step ∆t P/15 was sufficient where P is the period of the fundamental mode in vacuum. We have also been careful to choose the size of the overall simulation domain to be large enough such that the bounding walls do not affect the results. In our results, the bounding walls are always a distance of 15δ s or greater from the beam surface where δ s = (ν/ω f ) 1/2 is the Stokes length for the fundamental mode in fluid.
As the baseline geometry we consider a doubly-clamped beam with length L ′ = 15µm, width w ′ = 0.4µm, and height h ′ = 0.1µm. This geometry is similar to what has been recently used in experiments demonstrating thermoelastic actuation in vacuum and air [33] .
Here, we are interested in the beam dynamics in a viscous fluid and use water. This geometry is referred to as case (1) in Table 7 and we consider seven additional geometries which are chosen as systematic variations of the baseline geometry (L ′ , w ′ , h ′ ). Also shown in Table 7 are the aspect ratios for the different geometries to give an idea of the range of geometries used and also to give some indication of the deviation from the ideal case of a long and thin beam used in analytical predictions. Table 8 illustrates the deviations in geometry when compared with the baseline geometry of case 1. Also included are the beam properties that can be determined independent of the fluid dynamics which include the bulk spring constant k, the frequency parameter in vacuum R 0 , and the mass loading parameter T 0 . We have used finite element numerical simulations of the beams in vacuum to determine the numerical values of k and ω 0 for all of the geometries considered. Given this information one can use the analytical expressions to predict Q and ω f which is illustrated in Fig. 12 . From Table 8 it is clear that over four orders of magnitude of spring constant, over three orders of magnitude of frequency parameter, and over a single order of magnitude of the mass loading parameter are considered by the chosen variations in geometry. We first quantify the stochastic dynamics of the baseline geometry. The numerical results for the autocorrelation of equilibrium fluctuations in beam displacement are shown in Fig. 13(a) , and the noise spectrum is shown in Fig. 13(b) . In each figure the baseline geometry is labeled w ′ .
The autocorrelation curves are normalized using k/k B T where the value of k for each case is given in Table 8 . The noise spectra have been normalized using the peak value G(ω f ). These figures illustrate that the dynamics of this micron scale beam in water are strongly damped. The value of the quality and resonant frequency in fluid using our Table 8 : The geometry variations with respect to the baseline geometry given by case (1) with (L ′ , w ′ , h ′ ). Cases (2) and (3) explore increasing width, cases (4) and (5) explore increasing thickness, and cases (6)- (8) numerical results are given in Table 9 and are Q = 0.80 and ω f /ω 0 = 0.22. Also shown are the predictions from analytics using Eqs. (20) and (26) which yield Q † = 0.68 and ω f /ω † 0 = 0.22. The analytical predictions are quite accurate for the frequency drop while under predicting the quality factor for this geometry.
Next we consider the variation in the stochastic dynamics of the beam as a function of the beam width. In particular, we double and triple the beam width w while holding L and h constant. For increasing width the frequency parameter increases as R 0 ∼ w 2 while the mass loading parameter increases as T 0 ∼ w. This has the effect of increasing the fluid inertia while simultaneously increasing the mass loading. These two counteracting effects suggest the increase in Q and ω f will only be moderate. The autocorrelations and noise spectra from numerical simulations are shown in Fig. 13 . The autocorrelation results exhibit both positively and negatively correlated results as expected with the dynamics becoming more underdamped as the width is increased. The noise spectra clearly illustrate that the peak value shifts to higher frequency and that the peak itself becomes sharper as the width increases. For case 1, the noise spectra has significant contributions at low frequency whereas for case 3 the noise spectra has become more symmetric with a Lorentzian shape.
Values for the quality and resonant frequency in fluid from our numerical results are given Table 9 : The stochastic dynamics of the beams in fluid. Shown is the frequency based
Reynolds number in fluid R, the reduction in the resonant frequency ω f /ω 0 , and the quality factor Q. Also shown is the improvement of the quality with respect to that of case (1) given by Q ′ = 0.8. Q † and ω f /ω † 0 are the results predicted from analytical theory using Eqs. (20) and (26) .
in Table 9 . When compared to the quality for the baseline geometry Q ′ , the increase in quality is Q/Q ′ = 1.29 for doubling the width, and Q/Q ′ = 1.71 for tripling the width.
The quality increases with increasing width however the magnitude of the quality is small where L/w ≈ w/h ≈ 12 and L/h ≫ 1. Figure 14 indicates that the magnitude of the increase in quality with increasing width is quite moderate. Furthermore, the increase in ω f is quite small and becomes nearly flat at ω f /ω 0 ≈ 0.24 for ξ 2.
Next we consider the variation in beam dynamics as the height is increased. We consider the cases where h is doubled and tripled while the L and w are held constant. As the height is increased the frequency parameter increases as R 0 ∼ h whereas the mass loading parameter decreases as T 0 ∼ h −1 . These two effects both contribute to increasing Q and and numerical values are given in Table 9 . The relative increase in quality is Q/Q ′ = 1.61
when the height is doubled, and Q/Q ′ = 2.52 when the height is tripled. The increase in The last case we consider is decreasing the beam length while holding the width and height constant. In this case the frequency parameter increases rapidly as R 0 ∼ L −2 whereas T 0 remains constant. The autocorrelations and noise spectra are shown in Fig. 16 which illustrate a significant increase in resonant frequency and quality. From Fig. 16(a) the results for the most extreme geometry explored, L ′ /37.5, clearly show the influence of higher harmonics. The numerical values of Q and ω f from our numerical results are given Table 9 . For case 8 where L/L ′ = 37.5 the increase in quality is Q/Q ′ = 7.4
and the reduction of the resonant frequency when compared to its value in vacuum is The analytical predictions given in Table 9 show significant deviations from our numerical results. This is also illustrated in Fig. 17 The maximum value of the relative axial velocity does not follow a monotonic trend with L because as the length becomes small the precise nature of the beam dynamics vary in a complicated manner which directly affects the fluid motion and therefore the fluid dissipation. In fact, the smallest beam L ′ /37.5 has an aspect ratio of L/w = 1 and is better described as a plate undergoing complicated dynamics as indicated by the presence of higher mode effects in Fig. 16(a) . Overall, our results suggest that the relative magnitude of the axial velocity can be used to indicate the applicability of the two-dimensional theory. In many microscale technologies the ability to sense small forces is important and therefore a small spring constant is desirable. In light of this, the improved performance, as measured by increased values of Q and ω f with increasing w, increasing h or decreasing L all come at the price of reduced force sensitivity. Using Eq. (28) to estimate k yields its dependence upon geometry and the magnitude of the improved performance follows the same trend as increasing k. Overall, these tradeoffs would need to be balanced in a particular application.
The stochastic dynamics of micron and nanoscale elastic beams can be directly quantified using deterministic numerical computations for the precise geometries and conditions of experiment. We have shown that the geometry of doubly-clamped beams can be tailored to overcome the strong fluid damping that occurs for small scale systems in a viscous fluid.
Our numerical exploration has been used to build physical insights into the stochastic dynamics and to place realistic bounds upon the applicability of the two-dimensional theory.
Overall, we find that the two dimensional theory is quite accurate far beyond what may have been expected based upon the underlying assumptions. When deviations do occur a significant factor are fluid velocities in the axial direction resulting in increased dissipation and a lower added mass. It is anticipated that these results will be useful in guiding the development of future experiments by providing the basis for predictions that cover a wide range of geometries. Furthermore, our results provide insight into the development of accurate theoretical models valid for the finite geometries used in experiment.
Executive Summary
We have developed analytical and theoretical techniques to quantify the stochastic and externally driven dynamics of elastic objects in a viscous fluid for the precise conditions of experiment. These techniques allow the quantification of future designs aiming to exploit the dynamics of micro and nanoscale devices in fluid.
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